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Abstract The black hole is modeled by a combined
gravitational potential of the bulge, disk and halo and
is subjected to an initial weak kick. The resulting dif-
ferential equations are set up, and shown to possess
analytical solutions. The effects of black hole accretion
and dynamical friction are also incorporated into this
analytical framework. The resultant frequencies and
amplitudes are computed, and are compared with the
ones obtained from numerical simulations. Within the
valid range of parameters of the analytical model, the
two sets of results are shown to be in reasonable agree-
ment. It is shown that this model reproduces the linear
dependence of the amplitude on the initial kick velocity,
and the constant of proportionality is close to that ob-
tained from the simulations. The analytical treatment
presented is quite general, and its applications to other
areas are also indicated.
Keywords methods: analytical; black hole physics;
(galaxies:) quasars: supermassive black holes
1 Introduction
In the last decade, the potential implications of black
hole mergers and subsequent recoil have been widely
studied. From the results of extensive simulations using
general relativity, it is now believed that the recoil ve-
locities can be extremely large, up to a few thousands of
kilometers per second (Campanelli et al. 2007a,b; Healy
et al. 2009; Zlochower et al. 2011). Such velocities are
more than sufficient to expel the black hole from the
galaxy, but it has been suggested that the character-
istic kick velocities tend to be much smaller, typically
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. 200 km/s, as a result of gas accretion and other asso-
ciated effects (Bogdanovic´ et al. 2007). For kicks that
lie in this range, one of the primary effects observed
is the oscillation of the merged black hole (Blecha and
Loeb 2008; Kornreich and Lovelace 2008).
The effects of black hole mergers on galactic mor-
phology and dynamics are expected to be significant.
Several studies in this area have been undertaken, both
in the context of theoretical modeling as well as pre-
dicting their observational signatures. On the theoret-
ical front, there have been investigations of the post-
Newtonian corrections to gravitational recoil resulting
from black hole binaries (Blanchet et al. 2005), effects
on active galactic nuclei (Komossa and Merritt 2008;
Blecha et al. 2011), hydrodynamical response (Corrales
et al. 2010), ring formation (Lovelace and Kornreich
2010), etc. On the other hand, there has been plenty
of ongoing analysis in understanding the observational
imprints that these events produce in their aftermath.
Investigations in this arena include the study of re-
coil effects in gaseous environments (Loeb 2007; Lip-
pai et al. 2008; Devecchi et al. 2009; Guedes et al.
2011; Sijacki et al. 2011), electromagnetic signatures
(Komossa 2012; Schnittman 2013), black hole demo-
graphics (Madau and Quataert 2004), stellar systems
in the vicinity (Merritt et al. 2009; O’Leary and Loeb
2009), cusp–core conversion (Merritt et al. 2004), offset
active galactic nuclei (Volonteri and Madau 2008), tidal
disruption flares (Stone and Loeb 2012), etc.
Some of the most significant efforts in this area have
been centered around the analysis of potential super-
massive black hole candidates undergoing recoil. Ko-
mossa et al. (2008) suugested that the quasar SDSS
J0927+2943 was one such candidate, and several au-
thors investigated the consequences in greater de-
tail, while others proposed alternative theories (Dotti
et al. 2009; Bogdanovic´ et al. 2009). Subsequently,
other recoiling supermassive black hole candidates were
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2explored in the literature, such as CID-42 (Civano
et al. 2012; Blecha et al. 2013), the supermassive
black hole in M87 (Batcheldor et al. 2010) and CXO
J122518.6+144545 (Jonker et al. 2010).
In this paper, we shall present an analytical model
which describes the recoil of black holes when subjected
to “weak” gravitational kicks, i.e. when the black hole
oscillates with an amplitude . 100 parsecs. Although
such kicks are not predicted to be easily detectable
(Blecha and Loeb 2008), there are several advantages
to the analytical approach. It permits us to high-
light the similarities between the analytical model (and
the divergences) and the extensive numerical simula-
tions. Secondly, the formalism developed in this paper
is quite general, and can be applied to other massive ob-
jects subjected to small perturbations (Chatterjee et al.
2002). We shall focus primarily on making use of the
models and results from Fujita (2008); Kornreich and
Lovelace (2008); Blecha and Loeb (2008); Fujita (2009),
which we shall henceforth refer to as F08, KL08, BL08
and F09 respectively.
The outline of the paper is as follows. In Section 2,
we describe the basic assumptions behind the model,
and present the simplest possible scenario with the ap-
propriate equations of motion. In Section 3, we intro-
duce a more realistic description of the kick, and how
the displacements are subsequently altered. In Section
4, we introduce a new effect - Eddington mass accretion
- and explore its consequences. In Section 5, we discuss
the consequence of our analytical models, and discuss
how they stack up against the numerical results. In
Section 6, we study the effects of constant and Bondi-
Hoyle mass accretion on the dynamics of black hole
kicks. Finally, in Section 7, we summarize the results
and explore the prospects for future work.
2 Building the model
In this section, we begin building our model by describ-
ing the various components that constitute it. The ap-
proach we follow is similar to that of F08, KL08 and
F09. The gravitational potential arises from three dis-
tinct components,
Φ = Φb + Φg + Φh, (1)
where the subscripts b, g and h indicate that these are
the contributions arising from the bulge, the gaseous
disk and the dark matter halo respectively. We shall
assume that the bulge is modelled by the Plummer
potential (Plummer 1911), the disk by the Miyamoto-
Nagai potential (Miyamoto and Nagai 1975), and the
dark matter halo by the Binney logarithmic potential
(Binney 1981). This yields
Φb = − GMb√
r2b +R
2 + z2
, (2)
Φg = − GMg√
R2 +
(
a+
√
z2 + b2
)2 ,
Φh =
1
2
v2h ln
[
R2 +
(
z
q
)2
+ r2c
]
.
In the above expressions, we note that R2 = x2 + y2,
and that all three potentials are axisymmetric. The
characteristic values associated with each of the above
potentials is listed in Table 1. The values for the bulge
and the dark matter halo are chosen to be identical to
KL08, but the spherical symmetry of the halo in KL08
has been replaced with a slight degree of asymmetry.
The values for the disk are reproduced from F08 and
F09.
Since we are interested in developing an analytical
model to describe weak kicks, we shall assume that
the deviations experienced by the black hole are small,
i.e. we assume that R/L  1 and z/L  1 where
L = min (rb, a, rc). It is evident from Table 1 that all
these length scales are of the order of a few kilopar-
secs. Hence, this model is restricted to the study of
kicks that result in the black hole traversing distances
smaller than 100 pc. With such an assumption, it is
valid to express (2) as follows
Φb ≈ −GMb
rb
(
1− R
2
2r2b
− z
2
2r2b
)
, (3)
Φg ≈ −GMg
a+ b
(
1− R
2
2 (a+ b)
2 −
z2
2b (a+ b)
)
,
Φh ≈ v2h ln rc +
v2h
2r2c
R2 +
v2h
2q2r2c
z2.
We introduce the new variables
Ω2b =
GMb
r3b
, Ω2g =
GMg
(a+ b)
3 , Ω
2
h =
v2h
r2c
, (4)
ζ2 = 1 +
a
b
, Ωgz = ζΩg, Ωhz =
Ωh
q
,
Ω2 = Ω2b + Ω
2
g + Ω
2
h, Ω
2
z = Ω
2
b + Ω
2
gz + Ω
2
hz.
Table 1 List of parameters
Model Parameter #1 Parameter #2
Bulge Mb = 10
10M rb = 1 kpc
Disk Mg = 10
11M a = 6.5 kpc, b = 0.26 kpc
Halo vh = 250 km/s rc = 2 kpc, q = 0.9
3Using the definition of Φ from (1) and the above rela-
tions, we find that
∂Φ
∂x
= Ω2x,
∂Φ
∂y
= Ω2y,
∂Φ
∂z
= Ω2zz. (5)
We shall not consider the effects of dynamical friction
at this moment, since the dynamical friction damp-
ing timescale is expected to be much longer, ensur-
ing that it does not play a significant role (Kornreich
and Lovelace 2008; Blecha and Loeb 2008; Fujita 2008;
Lovelace and Kornreich 2010). We can solve for the
displacements since we know that a = −∇Φ, which we
have determined in (5). However, there is one other fac-
tor that we need to take into account - the initial “kick”
adminstered to the black hole. If we assume that the
kick is sharp, we can model this additional force by ap-
proximating it as a delta function (in time). Hence, the
additional force (per unit mass) is modelled via
akick = v0δ(t), (6)
where the vector v0 can be oriented in any random
direction, but the magnitude v0 must equal that of the
initial kick velocity. It is easy to verify, given that the
delta function has units of inverse time, that the above
expression is also dimensionally correct. Thus, our final
set of equations are given by
l¨ + Ω2l = v0lδ(t), z¨ + Ω
2
zz = v0zδ(t), (7)
where l = x, y.
3 Analytical solutions for the black hole
trajectory
In this section, we shall solve the system of differential
equations given by (7) and furnish an analysis of the
same. The formal solution is given by
l(t) = Cl sin (Ωt) +Dl cos (Ωt) (8)
+
v0l
Ω
∫ t
0
δ(t− τ) sin (Ωτ) dτ,
z(t) = Cz sin (Ωzt) +Dz cos (Ωzt) (9)
+
v0z
Ωz
∫ t
0
δ(t− τ) sin (Ωzτ) dτ.
We use the boundary conditions l˙(0) = v0l, z˙(0) = v0z
and l(0) = z(0) = 0 to simplify the above expressions.
As a result, we obtain the remarkably simple expres-
sions
R(t) =
v0R
Ω
sin (Ωt) , z(t) =
v0z
Ωz
sin (Ωzt) , (10)
where v20R = v
2
0x+v
2
0y. This indicates that the solutions
are oscillatory, and that their amplitude is linearly pro-
portional to the initial velocity. If we assume that the
initial velocity was solely in the zˆ-direction, we find that
the black hole oscillates only along the zˆ-axis. This is
because v0R = 0 for this system, and hence R(t) = 0.
On the other hand, if we assume that the kick was in the
x−y plane, it is found that z(t) = 0, which implies that
the black hole oscillates only in the x− y plane. In this
analysis, it was assumed that the black hole received
a kick, wherein the acceleration was governed by (6).
However, this is somewhat unphysical, since the accel-
eration is infinite at t = 0 and zero everywhere else.
Hence, we can replace δ(t) with ω exp(−ωt), where ω is
chosen to be suitably “large”. Thus, we assume ω  Ω
and ω  Ωz hold true. With this choice of ansatz, we
find that
R(t) =
v0R
Ω
(
1 +
ω2
Ω2 + ω2
)
sin (Ωt) (11)
+ v0R
ω
Ω2 + ω2
[exp(−ωt)− cos (Ωt)] ,
z(t) =
v0z
Ωz
(
1 +
ω2
Ω2z + ω
2
)
sin (Ωzt) (12)
+ v0z
ω
Ω2z + ω
2
[exp(−ωt)− cos (Ωzt)] .
It is clear that these expressions satisfy the boundary
conditions specified earlier. From the above expres-
sions, we see that the values of R and z are linearly
proportional to v0R and v0z respectively, which matches
with the results obtained in KL. As a result, if v0R = 0,
then there are no oscillations along R and the motion
becomes purely oscillatory about the zˆ-axis. The con-
verse holds true if v0z = 0, leading to oscillations only
in the x− y plane.
The exponential term in both of the above expres-
sions can be neglected for reasonably high values of t, as
it results in an extremely steep falloff. In addition, we
use the fact that ω is “large” which yields the following
expressions for R and z.
R(t) =
2v0R
Ω
√
1 +
(
Ω
2ω
)2
sin (Ωt− φ) , (13)
z(t) =
2v0z
Ωz
√
1 +
(
Ωz
2ω
)2
sin (Ωzt− φz) , (14)
where tanφ = Ω2ω and tanφz =
Ωz
2ω . It must be empha-
sized however that (13) and (14) are only approximate
expressions, despite their simple functional form.
44 The effects of black hole accretion
Until now, we have implicitly proceeded with the as-
sumption that the black hole did not accrete from its
surroundings. Hence, we were able to compute the ac-
celeration by determining the force per unit mass. In a
more general scenario however, one must note that
F =
dp
dt
=
d (Mv)
dt
, (15)
and hence we obtain a term involving M˙ as well, where
M is the mass of the black hole. By modifying (7) to
incorporate the effects of mass accretion, we end up
with
l¨+
M˙
M
l˙+Ω2l = v0lδ(t), z¨+
M˙
M
z˙+Ω2zz = v0zδ(t), (16)
where l = x, y. It remains now to choose a suitable
functional form of the mass accretion rate, and solve
the problem. There are three different possibilities
that present themselves. The first is the case where
M˙ = const, the second involves the Eddington accre-
tion rate with M˙ ∝ M , and the third is the Bondi-
Hoyle accretion rate. We wish to build a fairly simple
heuristic model that is analytically tractable, but also
captures enough of the underlying physics. As a result,
we rule out the Bondi-Hoyle accretion rate, because it
involves a factor of
(
c2s + v
2
rel
)3/2
, which contributes a
non-linearity to the problem. The first and third cases
are treated in Section 6 separately, since they are some-
what more intricate and merit a separate discussion.
We shall work in this section with the second case
since the problem can still be easily solved, but we see
new effects appear. We assume M˙ = γM , and defer a
discussion of the value of γ until the next section. Fur-
thermore, we shall assume, for the sake of simplicity,
that the black hole can accrete from an infinite reser-
voir, i.e. we shall assume that the masses Mb, Mg and
Mh remain constant in time.
There are multiple scenarios that present themselves,
depending on the sign of the discriminant ∆ = γ2−4Ω2.
If ∆ > 0, it implies that there exist two negative real
roots. Neither of these lead to the oscillatory behaviour
observed in numerical simulations of KL08 and BL08.
The case with ∆ = 0 leads to a special class of solutions,
but this is a very narrow constraint on ∆, and we shall
return to the case later. For now, we focus on the case
with ∆ < 0, and define Γ = 12
√−∆. Similarly, one can
define ∆z and Γz where we replace Ω with Ωz instead.
The solutions are found to be
l(t) = exp
(
−γt
2
)
[Cl sin (Γt) +Dl cos (Γt)] (17)
+
v0l
Γ
∫ t
0
δ(t− τ) exp
(
−γτ
2
)
sin (Γτ) dτ,
z(t) = exp
(
−γt
2
)
[Cz sin (Γzt) +Dz cos (Γzt)] (18)
+
v0z
Γz
∫ t
0
δ(t− τ) exp
(
−γτ
2
)
sin (Γzτ) dτ.
After the use of the boundary conditions, we find that
R(t) =
v0R
Γ
exp
(
−γt
2
)
sin (Γt) , (19)
z(t) =
v0z
Γz
exp
(
−γt
2
)
sin (Γzt) . (20)
We find that the above two expressions are quite simi-
lar to (10), except for two crucial differences. In (10),
the solutions are purely oscillatory, while our new solu-
tions also damp out with time. Secondly, the frequency
of oscillations in (10) is Ω (Ωz) while it is Γ (Γz) for
the models that undergo accretion. From the expres-
sion for Γ (Γz), it can be easily verified it is smaller
than Ω (Ωz). As a result, the oscillatory time scales
for (19) and (20) are longer than their counterparts in
(10). It is also seen from (19) and (20) that the am-
plitudes are directly proportional to the velocity of the
initial kick, which is consistent with the results derived
earlier. Lastly, note that the limit γ → 0 allows us to
recover the expressions obtained in (10). Next, we con-
sider the ansatz where the δ-function is replaced with
the more realistic case of a rapidly decaying exponen-
tial, following the approach outlined in Section 3. Upon
carrying out the same procedure, we find that
R(t) =
v0R
Γ
e−
γt
2
[
1 +
2ω(2ω − γ)
4Γ2 + (2ω − γ)2
]
sin (Γt)(21)
+
4ωv0R
4Γ2 + (2ω − γ)2
[
e−ωt − e− γt2 cos (Γt)
]
,
z(t) =
v0z
Γz
e−
γt
2
[
1 +
2ω(2ω − γ)
4Γ2z + (2ω − γ)2
]
sin (Γzt)(22)
+
4ωv0z
4Γ2z + (2ω − γ)2
[
e−ωt − e− γt2 cos (Γzt)
]
,
Note that these two expressions reduce to (11) and (12)
under the limit γ → 0. The analysis undertaken for
(11) and (12) is also valid here, provided one accounts
for the additional features included as a result of black
hole accretion. These involve the existence of damping
and the modification of the frequencies Ω and Ωz to Γ
and Γz respectively. There are three different frequency
scales present, and if we assume that ω  γ, ω  Γ
and ω  Γz, we find that we recover (13) and (14), if
we replace the Ω’s by their equivalent Γ’s. In addition,
there is also the damping factor present, which ensures
that R(t) and z(t) tend to zero as t→∞.
5Finally, we consider the unique case where ∆ = 0,
and hence the relations γ = 2Ω and γz = 2Ωz hold true.
We shall investigate the behaviour when the initial kick
is described by the δ-function, and not the decaying ex-
ponential, since the former yields a simpler and more
intuitive result. The homogeneous solution can be ex-
pressed in the form K1 exp(−bt) + K2t exp(−bt), and
neither of these exhibit any oscillatory behaviour. As a
result, we do not consider this case further since it does
match with the results from numerical simulations.
5 Discussion
Until now, our discussion was hitherto restricted to
studying several classes of solutions analytically. In this
section, we shall provide some simple estimates of the
parameters used in our equations. In Section 2, it was
pointed out that choosing values of R and z beyond 100
parsecs would violate the assumption that R2/L2  1
and z2/L2  1. We shall use this fact in determining
the maximum possible value of v0, for which our model
remains valid.
Let us consider the simplest scenario, described by
(10). The value of the Ω’s can be calculated from Ta-
ble 1. The amplitude in the plane of the disk is given
by v0/Ω, indicating that it has a linear dependence on
the velocity. Upon substituting the appropriate values,
we find that it is equal to 4.08 × 10−3 (v0)km/s kpc,
where (v0)km/s denotes the initial kick velocity in units
of km/s. KL08 showed that the relation between the
amplitude and the velocity was linear, with a slope of
(9.30± 0.53) × 10−3 in the above choice of units. The
result that we derived is smaller than the one obtained
by KL08 roughly by a factor of 2. This arises from the
differences in the parameters of the two models as well
as the simplifying assumptions used in the analytical
case. As a result of the simplifications employed, our
model does not give rise to a y-intercept in the ampli-
tude vs velocity plot. Similarly, the amplitude, normal
to the plane, in the zˆ-direction can be found via v0/Ωz
and is equal to 3.20× 10−3 (v0)km/s kpc.
Next, we investigate the limits of our model. Since
the distance travelled must be smaller than 100 parsecs,
we find that the maximum possible value of the velocity
is 24.5 km/s if one considers kicks in the plane, and is
31.25 km/s for kicks normal to the plane. As a result,
this explains the discrepancy in the frequency depen-
dence on v0 for our model and KL08. The latter find
that the frequency is a (weakly) linear function of the
initial in-plane kick velocity. However, for the range of
velocities where our model is applicable, we find that
the weak linear dependence obtained by KL08 becomes
insignificant. Hence, in this range, the frequency can
be treated as being nearly independent of the velocity,
which is also consistent with our results. However, our
model yields a (velocity-independent) frequency that is
roughly an order of magnitude higher than that ob-
tained by KL08.
Next, we consider the scenario where black hole ac-
cretion plays a significant role. The simplest scenario
is where the kick is modelled via a δ-function, and the
governing equations are (19) and (20). In order to pro-
ceed further, we need to determine the value of γ. We
shall use the following expression from Kocsis and Loeb
(2013)
γ−1 = tEdd = 4× 107
(
/(1− )
0.1
)(
L
LEdd
)−1
yr, (23)
where  is the radiative efficiency, L is the luminosity
and LEdd is the Eddington luminosity. If we assume
that  ∼ 0.1 and L ∼ LEdd, we find that γ ≈ 7.93 ×
10−16s−1 ≈ 0.1Ω. As a result, one finds that Γ ≈ Ω,
and Γz ≈ Ωz. Hence, the amplitudes still remain linear
in the velocity, and are virtually identical to the results
discussed above, except that they are slightly higher.
Lastly, we consider the effects of dynamical friction.
We will turn our attention to the simplest case, where
there is no black-hole accretion taking place. The stel-
lar bulge exerts a dynamical friction which can be easily
estimated via Chandrasekhar’s dynamical friction for-
mula (Binney and Tremaine 1987) which states that the
drag experienced is given by
F = −βv, (24)
where v is the velocity of the black hole, and β is given
by
β = 16pi2 ln ΛG2M(M +m)
∫ v
0
f(r, u)u2du
v3
, (25)
where M is the mass of the black hole, m represents the
mass of each individual black hole, ln Λ is the Coulomb
logarithm, and f is the distribution function of the stel-
lar bulge. From Section 2, we know that the bulge is
modelled by the Plummer potential–density pair, which
has a well-known polytropic distribution function. In
addition, we have shown that our model is only valid for
initial kicks whose maximum velocities are in the range
20-30 km/s. The escape velocity vesc of the Plummer
model is known to be
√−2Φ which can be approxi-
mated by
√
2GMb/rb since the kicks result only in small
perturbations. The escape velocity is approximately
300 km/s, and hence the approximation v/vesc  1 is
(mostly) a valid one. With this approximation and us-
ing the fact that r/rb  1, we can simplify (25) to yield
6(a) (b) (c)
(d) (e) (f)
Fig. 1 All of the above panels depict the plots of z(t) vs t. In each panel, the red, green and blue curves correspond to
the values ω = 109 Ωz, ω = 10 Ωz and ω = Ωz respectively. Figs (a), (b), (c), (d), (e) and (f) depict γ = 0, γ = 10
−4 Ωz,
γ = 10−3 Ωz, γ = 10−2 Ωz, γ = 10−1 Ωz and γ = Ω respectively. Note that t is plotted in units of Ω−1z and z is plotted in
units of v0z/Ωz.
β =
128
√
2
7pi
ln Λ
√
G
Mbr3b
M2, (26)
where we also used M  m and the explicit expres-
sion for the Plummer distribution function (Binney and
Tremaine 1987; Lingam and Nguyen 2014). Since β
is independent of v, we find that the dynamical fric-
tion is linearly proportional to the velocity. As we are
considering the case with no black hole accretion, we
are interesting in calculating the force per unit mass.
Combining (26) with (7), we find that the governing
equations are
l¨ + ζl˙ + Ω2l = v0lδ(t), z¨ + ζz˙ + Ω
2
zz = v0zδ(t), (27)
where ζ = β/M . Note that the above equation is ex-
actly the same as (16), since we assumed that γ =
M˙/M was constant in time. Hence, the case with zero
black hole accretion and a non-zero dynamical friction
is mathematically identical to the case with non-zero
black hole accretion and zero dynamical friction. As
a result, the mathematical results are identical with γ
replaced by ζ instead. Let us now estimate the value
of ζ. We assume ln Λ ≈ 3, and that M ≈ 108M and
substitute them into (26). After simplification, we find
that ζ = 0.01Ωb ≈ 6.74 × 10−17s−1. Hence, we find
that ζ  Ω is a valid assumption, indicating that over
timescales of Ω−1, dynamical friction does not play a
significant role in our model. This ensures that our
neglect of dynamical friction was quite a reasonable as-
sumption. For our choice of parameters and models,
we find that ζ = 0.085γ, indicating that the black hole
accretion induced damping is somewhat more signifi-
cant that the one caused by dynamical friction. We
have only considered the case where only one of these
two effects (black hole accretion and dynamical fric-
tion) are present. It is possible, in principle, to deduce
analytical solutions even when the two mechanisms are
considered simultaneously. However, the resultant so-
lutions are mathematically complex, involving hyperge-
ometric and Laguerre functions. The solutions are not
particularly illuminating either, i.e. we do not see any
unexpected behaviour.
Lastly, we note that our discussion has not hitherto
considered the case where the kick is described by an
exponential falloff, as opposed to the δ-function. This
is because of the fact that there is no a priori means
of estimating the value of ω, which represents the in-
verse timescale for the falloff. However, it does alter
the behaviour R(t) and z(t), evident from 1, which is a
graphical representation of (22). This plot reduces to
(12) under the limit γ → 0, which is depicted in the first
panel of the figure. The corresponding plots for R(t)
are not given, since the behaviour is exactly the same,
provided one replaces v0z, Γz and Ωz with v0R, Γ and Ω
7respectively. The choice of ω = 109 Ωz is the closest to
representing a true “kick”, since it implies that the ex-
ponential falloff of the kick is sharp; the timescale ω−1
is of the order of a few years. The other values of ω have
been plotted to show that this model can also be used
to model phenonema, wherein the external force is not
really a “kick” per se, but a slower exponential falloff.
It is found that the function z(t) is not significantly al-
tered by ω only when it is roughly the same order of
magnitude as Ωz. In other words, for all ω  Ωz, the
curves nearly overlap with one another. Also note that
the last panel, with the highest value of γ exhibits the
maximum amount of damping, which is to be expected.
6 Alternative black hole accretion rates and
their consequences
In the discussion and derivations presented after (16),
we used the Eddington accretion rate as our choice, as
it yielded analytically tractable and simple solutions.
In this section, we shall consider the other two possibil-
ities, and explore their consequences. Before doing so,
let us note that we used two different methods to model
the kick - the first was via the delta function, and the
second was by introducing an exponential falloff. The
most realistic “kick” for the latter scenario is modelled
via ω = 109 Ωz in Figure 1, since the kick must be
sharp and have a rapid exponential decay. It is found
that this particular choice does not deviate much from
the first case wherein the kick is modelled by a delta
function. As a result, we shall consider (16) alone, and
solve it for the cases with M˙ = const and the Bondi-
Hoyle accretion rate.
6.1 Constant accretion rate
If we assume that M˙ = α, with α held constant, then
it immediately follows that M(t) = M0 + αt, and
Fig. 2 The figure depicts z(t) vs t. The red, green, blue,
orange and black curves correspond to the values of  = 0.01,
 = 0.1,  = 1,  = 10 and  = 100 respectively, where
 = ΩM0/α. Note that t is plotted in units of Ω
−1
z and z is
plotted in units of v0z/Ωz.
M0represents the black hole mass at time t = 0. Let us
consider the first equation in (16), since the second one
is found simply by replacing Ω by Ωz and v0l by v0z.
Hence, our equation is given by
l¨ +
α
αt+M0
l˙ + Ω2l = v0lδ(t), (28)
and we shall use the same boundary conditions as in
the prior sections. We recover exact solutions given by
R(t) =
v0R
Ω
[
J1
(
ΩM0
α
)
Y0
(
ΩM0
α
)
−J0
(
ΩM0
α
)
Y1
(
ΩM0
α
)]−1
×
[
J0
(
ΩM0
α
)
Y0
(
ΩM0
α
+ Ωt
)
−Y0
(
ΩM0
α
)
J0
(
ΩM0
α
+ Ωt
)]
, (29)
z(t) =
v0z
Ω
[
J1
(
ΩM0
α
)
Y0
(
ΩM0
α
)
−J0
(
ΩM0
α
)
Y1
(
ΩM0
α
)]−1
×
[
J0
(
ΩM0
α
)
Y0
(
ΩM0
α
+ Ωt
)
−Y0
(
ΩM0
α
)
J0
(
ΩM0
α
+ Ωt
)]
. (30)
In Fig 2, we plot (30) for different values of  =
ΩM0/α. It is seen that the plots are highly sensitive to
the values of , but they grow progressively sinusoidal
for increasingly higher values of . This can be ex-
plained in the following manner. First, note that the ra-
tio of α/M0 has the units of frequency, and it can be in-
terpreted as a measure of the growth rate, i.e. a higher
value of this quantity leads to the black hole’s quicker
growth. In Section 5, the analogies between black hole
accretion and dynamical friction were pointed out. In
other words, a higher value of α/M0 leads to a higher
damping rate. A higher value of α/M0, also leads to a
lower value of  as seen from the formula. Hence, we
see that the curves with the lowest values of  exhibit
the highest damping. In the limit when α → 0, we
see that (28) reduces to (7), which has been shown to
possess sinusoidal solutions. As a result, this explains
why higher values of  lead to progressively sinusoidal
curves in Fig 2.
8(a) (b) (c)
(d) (e) (f)
Fig. 3 Panels (a), (b) and (c) are plots of z(t) vs t. Panels (d), (e) and (f) are plots of M(t) vs t. Panels (a) and (d)
hold ν = 10−3 fixed. Panels (b) and (e) hold ν = 10−2 fixed. Panels (c) and (f) hold ν = 10−1 fixed. The red, green, blue,
orange and black curves correspond to the values ofM = 0.01,M = 0.1,M = 1,M = 10 andM = 100 respectively. Note
that all these curves have been plotted in terms of dimensionless units.
6.2 Bondi-Hoyle accretion
Let us now consider the scenario where the black hole
accretes via Bondi-Hoyle accretion. The accretion rate
is known to be
M˙ = 4piρ0
G2M2
v3rms
, (31)
where ρ0 represents the ambient medium density and
vrms denotes the gas velocity relative to that of the black
hole, obeying the relation v2rms = c
2
s + V
2. Here, cs de-
notes the sound speed and V denotes the relative ve-
locity of the black hole (Kocsis and Loeb 2013). Before
proceeding further, we note that fully analytical solu-
tions can be obtained in the limits where V  cs - the
relative velocity of the black hole with respect to the
surrounding medium is much smaller than the sound
speed. In this event, we find that M˙ = µM2, where
µ = 4piρ0G
2M2c−3s . The first equation of (16) reduces
to
l¨ +
(
µM0
1− µM0t
)
l˙ + Ω2z = v0lδ(t), (32)
and M0 represents the initial mass at t = 0. The z com-
ponent is found by replacing Ω and v0l with Ωz and v0z
respectively. A further analysis of the above equation
is unnecessary since the similarities with (28) are ev-
ident. In particular, it is seen that the second terms
in (28) and (32) are exactly similar, if one identifies α
with µM0 and reverses the sign in the denominator of
the second term in (28).
In Sections 2 - 5, we have seen that the final solution
for R and z depend on v0R and v0z respectively. Effec-
tively, this implies that a in-plane kick excites in-plane
oscillations and a perpendicular kick (in the z-direction)
results in oscillations in the z-direction; in other words,
the motions in the x-y plane and in the z-direction are
decoupled. For the sake of simplicity, we shall consider
the latter scenarion. In this event, our set of three
equations reduce to just one equation - the second one
in (16). In this scenario, we find that the z-component
couples to (31) to yield two interlinked equations
M˙ = 4piρ0
G2M2
(c2s + z˙
2)
3/2
, (33)
z¨ +
M˙
M
z˙ + Ω2zz = v0zδ(t). (34)
In order to render them more transparent and easier
to solve, we scale each of these variables to make them
dimensionless. Our new variables are now given by
t¯ = Ωzt, z¯ =
Ωz
v0z
z, M¯ =
1
M0
M, (35)
9and we introduce the following two dimensionless vari-
ables
M = v0z
cs
, ν =
µM0
Ωz
, (36)
which both possess an elegant physical interpretation.
M can be interpreted as a Mach number of the initial
kick velocity to that of the isothermal sound speed. ν
is interpreted as ratio of the timescale of oscillation, on
the order of Ω−1z , and that of the timescale of accretion,
on the order of (µM0)
−1
. We shall drop the overbars
henceforth, and note that the two equations below are
expressed purely in terms of dimensionless quantities.
z¨ +
M˙
M
z˙ + z = δ(t), (37)
M˙ = νM2
(
1 +M2z˙2)−3/2 . (38)
Note that the δ function in (37) is actually a function of
t¯, and is also dimensionless. The boundary conditions
for this system are given by M(0) = 1, z(0) = 0 and
z˙(0) = 1.
The resultant figures have been plotted in Fig 3. In
(38), if we set M = 0, then we find that it decouples
from (37). Furthermore, it is found that the mass (in
dimensionless units) grows as M = (1− νt)−1 in this
case. In other words, we hit a singularity by the time
t = ν−1. If we let ν be of order unity, then t blows
up at around unity as well. Since our domain in Fig 3
ranges from 0 to 10, we consider only those values of ν
that are at least one order smaller than unity. This is
also physically justified since the timescale of accretion
is expected to be longer than that of oscillation, and
by the interpretation of ν outlined above, this results
in smaller values than unity.
There are several interesting trends that emerge from
Fig 3. In all the cases, we see that the higher the value
ofM, the slower is the black hole’s mass growth. This is
to be expected by mathematically inspecting (38), but
it has a simpler physical explanation. The Bondi ra-
dius is proportional to v2rms, resulting in a fairly strong
inverse dependence on M. As the Bondi radius repre-
sents the region over which the black hole can accrete, a
higher M leads to a lower Bondi radius and accretion.
Next, let us consider the black hole trajectories de-
picted in Fig 3. As the value of ν increases, we see
that the curves with different values ofM grow increas-
ingly distinguishable. The reason is simple: the lower
the value of ν, the closer is the behaviour to that of
the scenario considered in Section 3 with no black hole
accretion. As a result, the lower values of ν ensures
that all the curves cluster together, undergoing mini-
mal damping. In panel (c) of Fig 3, we see that curves
with lower values of M exhibit greater damping. This
is again on expected lines - the lower the value of M,
the higher is the accretion rate, and hence the greater
is the damping.
7 Conclusion
In general, modelling the dynamics of a black hole is
a highly complex process as it entails the inclusion of
multiple processes such as the gravitational potentials
of the bulge, disk and halo, the presence of dynami-
cal friction, accretion onto the black hole, etc. A fully
consistent theory requires the use of extensive numer-
ical simulations, as undertaken in KL08 and BL08 re-
spectively. However, we have shown that a simplified
description of the black hole recoil can be constructed,
which can then be solved analytically.
Our model includes the contributions from all the
gravitational potentials, and even allows for simplified
accretion models to be taken into account. We also
illustrate that the inclusion of dynamical friction does
not play a significant role, as the timescale is much
longer than the period of oscillations. We also show
that dynamical friction can be described by the same
mathematics as black hole accretion, i.e. they both
act as damping processes where the retarding force is
linearly proportional to the velocity. As a result, one
can either model a black hole with no accretion and
non-zero dynamical friction, or vice-versa.
In Sections 3 and 4, we derived different classes of an-
alytical solutions which depended on the specific ansatz
chosen for the force produced by the kick. In Section
5 the algebraic expressions were evaluated to yield ex-
plicit expressions that were compared against those ob-
tained by KL08. It was shown that the two results
were in reasonable agreement with one another for the
range of displacements (and velocity kicks) where our
analytical models were valid. In Section 6, we gener-
alize the results of Section 4 by considering the cases
of constant mass accretion and Bondi-Hoyle accretion,
and the latter scenario was shown to couple the mass
accretion and dynamics together. In each case, we see
that the overall behaviour is exactly as one would ex-
pect from basic physical reasoning, confirming that the
models accurately capture the essential physics.
It is possible to extend the formalism to include ve-
locity anisotropy in the dynamical friction by making
use of the results from Binney (1977). In conclusion,
we note that we can adapt our methodology and use it
to study associated phenomena, since the basic tenets
10
of our model are quite general. A natural extension of
this approach would involve the extension of our model
to study the dynamics of supermassive black holes sub-
jected to stochastic kicks (Chatterjee et al. 2002), or in
modeling the stochastic oscillations of relativistic disks
(Harko and Mocanu 2012).
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